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ABSTRACT. , 20 Furuta inequality:
$A\geq B\geq 0,$ $r\geq 0$ $\Rightarrow$ $A^{1+r}\geq(A^{5}B^{p}A^{S})1\not\in rr$ for $p\geq 1$ .
.
Furuta inequality $Bebiano- Lemos- Provid\hat{e}ncia$ , : For $A,$ $B\geq 0$
$\Vert A\Psi_{B^{t}A}+l\Vert$ $\leq$ \Vert A $(A B^{\epsilon}A)^{1}A^{8}\Vert$ for $s\geq t\geq 0$ .
, . ,
.
, Furuta inequality ,
. , grand Rruta inequality ,
.
1.
Furuta inequality 20 . , ,
“Furuta inequality” MathSciNet 100
. Furuta inequality ([5], [6])
.
, (operator) , (bounded hhnear op-
erator) , (positive operator) $A$ $A\geq 0$ .
Furuta inequality [8] (see also [4], [9], [14], [16])
:
The Furuta inequality. If $A\geq B\geq 0$ , then for each $r\geq 0$ ,
(i) $(B^{\frac{r}{2}}A^{p}B^{\frac{r}{2}})^{q}\iota\geq(B^{\frac{r}{2}}B^{p}B^{\frac{r}{2}})^{\frac{1}{q}}$ and (ii) $(A^{r}zA^{p}A^{\frac{r}{2}})^{\frac{1}{q}}\geq(A^{r}\pi B^{p}A^{r}r)^{\frac{1}{q}}$
hold for $p\geq 0$ and $q\geq 1$ with $(1+r)q\geq p+r$ .
Furuta inequality :For each $r\geq 0$
(FI) $A\geq B\geq 0$ $\Rightarrow$ $A^{1+r}\geq(A^{\frac{r}{2}}B^{p}A^{\frac{r}{2}})^{1r}r$
holds for $p\geq 1$ .
2000 Mathematics Subject Clasrification. $47A63$ .
Key wods and phrases. grand Furuta inequality, Furuta inequality, L\"owner-Heinz inequality, Araki-
Cordes inequality, $Bebian\triangleright Lemos$-Provid\^encia inequality, norm inequality, positive operator, operator
inequality, reverse inequality.
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, Furuta inequality (FI) , grand Furuta inequality
[10] :
(GFI) $A\geq B\geq 0$ $\Rightarrow$ $A^{1-t+r}\geq\{A^{\frac{r}{2}}(A^{-f}B^{p}A^{-f})^{\epsilon}A^{\frac{r}{2}}\}^{\frac{1-t+r}{\{p-t)\cdot+r}}\iota\iota$
for $0\leq t\leq 1,$ $p\geq 1,$ $s\geq 1$ and $r\geq t$ .
Furuta inequality (FI) If, , L\"owner-Heinz inequality (cf.
[ $15|$ ) :
(11) $A\geq B\geq 0$ $\Rightarrow$ $A^{\alpha}\geq B^{\alpha}$ $(0\leq\alpha\leq 1)$ .
L\"owner-Heinz inequality (1.1) , , Araki-Cordes inequality $([1’]$ ,
[3]) :For $A,$ $B\geq 0$
(1.2) $\Vert A^{p}B^{p}A^{p}\Vert\leq$ II $ABA\Vert^{p}$ for $0\leq p\leq 1$ .
( $(1.2)$ Cordes (cf. [3]) $\Vert A^{p}B^{p}\Vert\leq\Vert AB\Vert^{p}$ . )
, Bebianx$Lemos- Provid\hat{e}ncia[2]$ , ( , BLP norm inequal-
ity) :For $A,$ $B\geq 0$
(1.3) $\Vert A^{\underline{1}\pm\underline{t}}2B^{t}A^{1\pm\underline{t}}2\Vert$ $\leq$ $||A2(A^{\xi}B^{\cdot}A^{i})^{\underline{t}}\cdot A^{z}\iota\iota||$ for $s\geq t\geq 0$ .
(1.3) , . , (1.3) Furuta
inequality (FI) , , $A^{\frac{1}{2}}$
$\Vert A^{\frac{t}{2}}B^{t}A^{\frac{t}{2}}\Vert\leq\Vert(A^{\frac{*}{2}}B’A^{\frac{l}{2}})^{\underline{t}}\cdot\Vert$ for $s\geq t\geq 0$
(1.2) .
2 , Furuta inequality BLP norm inequality
, Furuta inequality . ,
, . 3 , 2
, FNrruta inequality (reverse inequality), ,
(Complementary inequality) .
, 4 , 2, 3 grand Furuta inequality (GFI)
, (GFI) .
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2. FURUTA NORM INEQUALITY
, Furuta inequality (FI) BLP norm inequality (1.3) ( )
. , (L\"owner-Heinz inequality (1.1) Araki-Cordes
inequality (1.2) ) BLP norm inequality (1.3) ,
, Furuta inequality (FI)
. BLP norm inequality (1.3) :For
$A,$ $B\geq 0$
(2.1) $A^{\epsilon} \#\frac{t}{}B^{\epsilon}\leq A^{1+\iota}$ for some $s\geq t\geq 0$ $\Rightarrow$ $B^{t}\leq A^{1+t}$
where $A\#\alpha B$ for $0\leq\alpha\leq 1$ is defined by
$A\#\alpha B:=A^{1}(A^{-1}BA^{-\frac{1}{2}})^{\alpha}A^{\frac{1}{2}}$ for $A,$ $B>0$ .
(2.1) , $B$ $B$ , $p:= \frac{s}{t}(\geq 1)$ :For
$A,$ $B\geq 0$
(2.2) $A^{f}\#_{p}\iota B^{p+\epsilon}\leq A^{1+\epsilon}$ for some $p\geq 1$ and $s\geq 0$ $\Rightarrow$ $B^{1+\frac{}{p}}\leq A^{1+\frac{}{p}}$ .
(2.2) BLP operator inequality .
, Furuta $in\Re uality$ (FI) :
Theorem 2.1. Let $A$ and $B$ be positive operators. Then
(2.3) $A^{\epsilon} \#\frac{1}{p}B^{p+s}\leq A^{1+\epsilon}$ for some $p\geq 1$ and $s\geq 0$ $\Rightarrow$ $B^{1+s}\leq A^{1+\epsilon}$ .
Proof. We put
$C$ $:=(A^{-\frac{}{2}}B^{p+s}A^{-\frac{l}{2}})^{\frac{1}{p}}$ , or $B^{p+\epsilon}=A^{\frac{}{2}}C^{p}A\overline{2}$ .
Then the assumption says that $A\geq C\geq 0$ , and so Furuta inequality (FI) ensures that
$B^{1+\epsilon}=(A\overline{2}C^{p}A\overline{2})^{\frac{1}{p}}+L\leq A^{1+\epsilon}$ .
That is, the desired inequality (2.3) is proved. $\square$
, $p\geq 1,$ $s\geq 0$ $0 \leq\frac{p+\epsilon}{p(1+s)}\leq 1$ L\"owner-Heinz inequality (1.1)
($A^{\iota}\#_{p}\iota B^{p+s}\leq A^{1+\epsilon}$ $\Rightarrow$ ) $B^{1+s}\leq A^{1+\epsilon}$ $\Rightarrow$ $B^{1+_{\overline{p}}}\leq A^{1+_{\overline{p}}}$ .
, (2.3) (2.2) , BLP operator
inequality (2.2) Furuta inequality (FI) .
, (2.3) , Furuta norm inequality :
Corollary 2.2. Let $A$ and $B$ be positive operators. Then
(2.4) $\Vert A^{\underline{1}\pm\dotplus}2B^{1+\iota}A^{1}||^{\frac{+}{p(1+\cdot)}}$ $\leq$ $||A^{1}z(A^{\dot{f}}B^{p+\iota}A^{\dot{f}})^{\frac{1}{p}}A^{1}z||$
for $p\geq 1$ and $s\geq 0$ .
Theorem 2.1 &Corollary 2.2 L\"owner-Heinz inequa ty (1.1) :
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Corollary 2.3. Let $A$ and $B$ be positive operators. Then
(2.5) $A^{\epsilon}\#_{p}\iota B^{p+\epsilon}\leq A^{1+s}$ for some $p\geq 1$ and $s\geq 0$ $\Rightarrow$ $B^{1+t}\leq A^{1+t}$
for $t\in[0, s]_{f}$ or equivalently
(2.6) $||A^{1}A_{2}^{\underline{|}}B^{1+t}A^{\underline{1}\pm\underline{t}}2||$ $\leq$ $||A^{\frac{1}{2}}(A^{\frac{}{2}}B^{p+s}A^{\frac{}{2}})^{\frac{1}{p}}A^{\frac{1}{2}}||$
for $p\geq 1$ and $s\geq t\geq 0$ .




$\Vert A^{\frac{1}{2}}$ $(A\overline{2}B$ $A^{\frac{}{2}})^{\frac{1}{p}}A^{\frac{1}{2}}||$ .
, $p= \frac{\epsilon}{t}$ ’ $\frac{p+\iota}{p(1+t)}=1,$ $+\succeq=s+$ (1.3) .
3. FURUTA INEQUALITY
, Furuta inequaltiy(2.6) ,
.
M. HUjii-Y. Seo [7] , “generalized Kantorovich constant” ([11], [13])
(3.1) $K(h,p)$ $:= \frac{1}{h-1}\frac{h^{p}-h}{p-1}(\frac{p-1h^{p}-1}{h^{p}-hp})^{p}$ for $h(\neq 1),$ $p\in \mathbb{R}$ and $K(1,p)=1$
$Ar\ovalbox{\tt\small REJECT} i$-Cordes inequality (1.2) :
Theorem A. If $A$ and $B$ are positive operators such that $0<m\leq B\leq M$ for some
scalars $0<m<M$ and $h:= \frac{M}{m}(>1)$ , then
(3.2) $||A^{p}B^{p}A^{p}||$ $\leq$ $K(h,p)$ I $ABA||^{p}$ for $p\geq 1$ .
(1.2) (3.2) , (2.6) :
Theorem 3.1. Let $A$ and $B$ be positive operators such that $0<m\leq B\leq M$ for some
scalars $0<m<M$ and $h;= \frac{M}{m}>1$ . Then
(3.3) $\Vert A^{\frac{1}{2}}(A^{i}B^{p+s}A^{\dot{z}})^{\frac{1}{p}}A^{\frac{1}{2}}\Vert$ $\leq$ $K(h^{1+t}, \frac{p+s}{1+t})^{\frac{1}{p}}\Vert A^{1\iota_{B^{1+t}A^{1t}}}++\not\simeq\fallingdotseq$
for $p\geq 1$ and $s\geq t\geq 0$ .






$K(h^{1+t}, \frac{p+s}{1+t})^{\frac{1}{p}}\Vert A2\underline{B}^{1+t}A^{1}\Vert p1+\urcorner t\underline{\iota}\pm\dotplus\not\simeq$
.
because $\Delta^{l}1+t\geq 1$ . So the desired inequality (3.3) holds.
86
(3.3) :
Corollary 3.2. Let $A$ and $B$ be positive operators such that $0<m\leq B\leq M$ for some
scalars $0<m<M$ and $h:= \frac{M}{m}>1$ . Then
(3.4) $B^{1+t}\leq A^{1+t}$ for some $t\geq 0$ $\Rightarrow$ $A^{f} \#\frac{1}{p}B^{p+\iota}\leq K(h^{1+t},\frac{p+s}{1+t})^{\frac{1}{p}}A^{1+\epsilon}$
for some $p\geq 1$ and $s\geq t$ .
Remark 3.3. Theorem 3.1 Corollary 32 $t=s$ , (3.3) (3.4)
(2.4) (2.3) .
Theorem 3.1 Corollary 3.2 (1.3) $(2.2)$ :
Corollary 3.4. Suppose the hypothesis of Theorem 3.1. Then the following inequalities
hold:
(3.5) $\Vert A^{1}l(A^{f}B^{f}A^{4}A^{1}2\Vert$ $\leq$ $K(h^{t},$ $\frac{s}{t})^{\frac}\Vert A^{1}2B^{t}A^{1t}\Vert$
for $s\geq t\geq 0$ , or $e\varphi ivalently$
(3.6) $B^{1+_{\overline{p}}}\leq A^{1+_{\overline{p}}}$ for some $p\geq 1$ and $s \geq 0\Rightarrow A^{\iota}\#\frac{1}{p}B^{p+\iota}\leq K(h^{1+_{\overline{p}}},p)^{1}A^{1+\iota}$.
Proof The inequality (3.6) is given by taking $p:= \frac{l}{t}\geq 1$ in Corollary 3.2. $Mor\infty ver$ the
inequality (3.5) is given by replacing $B$ with $B^{\frac{t}{1+t}}$ in Theorem 3.1. $\square$
, (3.4) $t=0$ , $p=1$ L\"owner-
Heinz inequality (1.1) :
Corollary 3.5. Let $A$ and $B$ be positive operators such that $0<m\leq B\leq M$ for some
scalars $0<m<M$ and $h:= \frac{M}{m}>1$ . Then
(3.7) $A\geq B>0$ $\Rightarrow$ $A^{\epsilon} \#\frac{1}{p}B^{p+s}\leq K(h,p+s)^{\frac{1}{p}}A^{1+\epsilon}$ for $p\geq 1$ and $s\geq 0$ .
In particular,
(3.8) $A\geq B>0$ $\Rightarrow$ $B^{1+\epsilon}\leq K(h, 1+s)A^{1+\epsilon}$ for $s\geq 0$ .
, $Th\infty rem3.1$ , $\lambda>0$
$||A^{1}l(A^{i}B^{\ovalbox{\tt\small REJECT} s}A^{\frac{}{2}})^{\frac{1}{p}}A^{\frac{1}{2}}||^{p}-\lambda||A^{1A}\sim\underline{2}B^{1+t}A^{1}\dotplus\Vert^{L+}1+\overline{t}$
. : $q\geq 1$ $h:= \frac{M}{m}(0<m<M)$
$I_{q}=I_{q,m,M}:=[ \frac{q(h-1)}{h^{q}-1},$ $\frac{q(h^{q}-h^{q-1})}{h^{q}-1}]$
(3.9) $F(m, M, q;\lambda):=\{\begin{array}{ll}(1-\lambda)M^{q} if 0<\lambda<g\zeta hA-1hl-1\lambda m^{q}\frac{h-h^{q}}{h-1}\{(\lambda K(h, q))^{\frac{1}{q-1}}-1\} if \lambda\in I_{q}(1-\lambda)m^{q} if \lambda>\frac{q(h^{q}-h^{q-1})}{h^{q}-1}.\end{array}$
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$\lambda>0$ $f(\lambda)$ $:=F(m, M, q;\lambda)$ , $\lambda=K(h, q)^{-1}(\in I_{q})$
$f(\lambda)=0$ .
, M. Fujii-Y. Seo [7] Araki-Cordes inequality (1.2)
6: If $A$ and $B$ are positive operators such that $0<m\leq B\leq M$ for some scalars $m<M$ ,
then for each $\lambda\geq K(h,p)^{-1}$
(3.10) I $ABA\Vert^{q}\geq\lambda\Vert A^{q}B^{q}A^{q}\Vert+F(m, M, q;\lambda)\Vert A\Vert^{2q}$ for $q>1$ .
, (2.4) :
Theorem 3.6. If $A$ and $B$ are positive operators such that $0<m\leq B\leq M$ for some




$\lambda F(m^{1+t}, M^{1+t},\frac{p+s}{1+t};\frac{1}{\lambda})\Vert A\Vert^{p+l}$
for $p\geq 1$ and $s\geq t\geq 0$ .
Proof. Since $p\geq 1$ and $s\geq t\geq 0$ implies $\epsilon 1^{\frac{+\epsilon}{+t}}>1$ , it follows from (1.2) and (3.10) that




$\leq$ $\lambda\Vert A^{\underline{1}}2B^{1+t}A^{\underline{1}}2||^{R\pm}\pm|\pm\underline{t}1+\frac-\lambda F(m^{1+t}, M^{1+t},\frac{p+s}{1+t};\frac{1}{\lambda})||A\Vert^{p+e}$ .
So the desired inequality (3.11) holds. $\square$
Remark 3.7. (i) Theorem 3.6 $p= \frac{s}{t}$ , $\lambda\in(0,$ $K(h^{1+t}, \frac{f}{t})$]
(1.3) :
$\Vert A^{\frac{1}{2}}(A^{\dot{z}}B^{\frac{l}{t}+\epsilon}A^{\frac{\cdot}{2}})^{\underline{\iota}}\cdot A^{\frac{1}{2}}\Vert^{\frac{}{t}}\leq\lambda\Vert A^{\underline{1}}2B^{1+t}A^{\underline{1}}2^{-}\Vert\overline{t}\pm t\pm\cdot-\lambda F(m^{1+t}, M^{1+t}, \frac{s}{t} ; \frac{1}{\lambda})\Vert A\Vert^{\frac{}{t}+\epsilon}$
for $s\geq t\geq 0$ .
(ii) Theorem 3.6 , $\lambda\geq K(h^{1+t},1a_{\frac{+\iota}{+t}})$ :
$\Vert A(A\overline{2}B^{p+\cdot 11})rA^{p}\Vert^{p}\leq\lambda\Vert A^{\underline{1}}a^{t}B^{t}A^{\underline{1}}\underline{2}\pm\pm||^{R}1+t$
$- \lambda F(m^{1+t}, M^{1+t},\frac{p+s}{1+t};\frac{1}{\lambda})||A^{-1}\Vert^{-(p+e)}$
for $p\geq 1$ and $s\geq t\geq 0$ .





for $p\geq 1$ and $s\geq t\geq 0$ .
88
4. GRAND FURUTA INEQUALITY
(GFI) $h$ , .
Lemma 4.1. Let $A$ and $B$ be positive operators. Then the grand Fumta inequality (GFI)
is equivalent to
(4.1) $\Vert A^{\frac{1-+r}{2}B^{r-t}A^{\frac{1-t+r}{2}}}\Vert^{p1-}\dotplus\neg\leq\Vert A:\{A^{-\pi}(A^{\frac{r}{2}}B^{r--l\cdot+r}1-t+rA^{\frac{r}{2}})^{\frac{1}{}}A^{-\frac{t}{2}}\}^{p}A^{\frac{1}{2}}t\ovalbox{\tt\small REJECT}\iota$ II
for $0\leq t\leq 1,$ $p\geq 1,$ $s\geq 1$ and $r\geq t$ .
Proof. Replace $A$ to $A^{-1}$ and put
$C=\{A^{\frac{t}{2}}(A^{-\frac{r}{2}}B^{\ovalbox{\tt\small REJECT}-t\cdot+r}1-t+rA^{-\frac{r}{2}})\cdot A^{\pi}\}^{\frac{1}{p}}r-t\underline{1}t$ or $B^{r-t}=\{A^{r}2\sim(A^{-\frac{t}{2}}C^{p}A^{-\frac{t}{2}})^{s}A^{\frac{r}{2}}\}^{\frac{1-t+r}{(p-t)\cdot+r}}$
in (4.1), then we have
$||A^{-\frac{1-t\neq r}{2}}\{A^{\frac{r}{2}}(A^{-\frac{t}{2}}C^{p}A^{-f})^{\epsilon}A^{\frac{r}{2}}\}^{\frac{1-t+r}{(p-t)\cdot+r}A^{-\frac{1-t+r}{2}}}t\Vert^{\frac{(p-)\cdot+r}{p\cdot(1-l+r)}}\leq\Vert A^{-\frac{1}{2}}CA^{-\Sigma}\Vert 1$
This is equivalent to the inequality
$A\geq C$ $\Rightarrow$ $A^{1-t+r}\geq\{A^{\frac{r}{2}}(A^{-\frac{t}{2}}C^{p}A^{-\frac{}{2}})^{\epsilon}A^{r}B\}^{\frac{1-t+r}{(p-t)\cdot+r}}$,
that is, (4.1) is equivalent to (GFI). $\square$
Remark 4.2. (i) (4.1) $t=0,$ $s=1$ . $r$ $B$ $s$ $B^{1}\lrcorner_{-}$
(2.4) .
$(\ddot{v})$ [12] , Furuta (4.1) .
generalized Kantorovich constant (3.1) (4.1) :
Theorem 4.3. Let $A$ and $B$ be positive operators such that $0<m\leq B\leq M$ for some




for $0\leq t\leq 1,$ $p\geq 1,$ $s\geq 1$ and $1+r\geq 1+r’>t$ , where $K(h,p)$ is the generalized
Kantorvnich constant defined by (3.1).
Proof. For $p\geq 1$ and $s\geq 1$ , the Araki-Cordes inequality (1.2) implies that
$\Vert A^{1}F\{A^{-\Sigma}(A^{f}B^{r-t}\iota-t+rA^{\frac{r}{2}})\cdot A^{-\Sigma}\}^{\frac{1}{p}}A^{z}r\ovalbox{\tt\small REJECT}^{-t*+r}\underline{1}t1$ Il





Moreover, since $(p-t)s+r\geq 1-t+r’>0$ , it follows from the reverse Araki-Cordes
inequality (3.2) that
$\Vert A^{\frac{(p-t)\cdot+r}{2}B^{\ovalbox{\tt\small REJECT}-t\cdot r}A^{1L^{-\cdot\succ}}}r-t1-l+r\iota+r\Vert^{\frac{1}{p}}$
$\leq\Vert A^{\iota_{L^{-\succ}}}+r_{B^{(r-t)\frac{1-+r’}{1-l+r}oe_{1}-+}}-+A^{4L^{-}J_{2}\cdot r}\Vert p+rt\underline{+}\perp$
$\leq K(h^{\frac{1-+r’}{1-+r}(r-t)}, \frac{(p-t)s+r}{1-t+r’})^{\frac{1}{p}}\Vert A^{\frac{1-t+r’}{2}B^{\frac{1-t\neq r’}{1-l+r}(r-t)^{-\iota}}}A^{\frac{1-l+r’}{2}}\Vert^{R^{+r}}p\cdot(1-+r)$ .
Combining them, we have the desired inequality (4.2).
Remark 4.4. grand Furuta inequality (GFI) (4.2) $t=0,$ $s=1$
, $r,$ $r’,$ $B(, h)$ $s,t,$ $B^{1}\perp$ (, $h$ ) , (3.3) .
REFERENCES
[1] H. Araki, On an inequality of Lieb and Thirring, Lett. Math. Phys., 19(1990), 167-170.
[2] N. Bebiano, R. Lemo8 and J. Provid\^encia, Inequdities for quantum relative entropy, Linear Algebra
Appl. 401(2005), $15k172$ .
[3] H.O. Cordes, Spectral Theory of Linear Differential $\infty emtors$ and Compariison Algebras, Cambridge
University Proes, 1987.
[4] M. Fujii, $Ik u$ta’s inequality and its mean theoretic approach, J. Operator $th\infty ry$, 23(1990), 67-72.
[5] M. Fujii, R. Nakamoto and M. Tominaga, Generalized $Bebiano- Lemos- Pro\dot{m}d\hat{e}ncia$ inequdities and
their reverses, Linear Algebra Appl. 426(2007), 33-39.
[6] M. Fujii, R. Nakamoto and M. Tominaga, Reverse of the grand Pbfuta inequality and its applications,
Preprint.
[7] M. Fujii and Y. Seo, Reverse inequalities of Cordes and Louaer-Heinz inequalities, Nihonkai Math.
J., 16(2005), 145-154.
[8] T. Furuta, $A\geq B\geq 0$ assures $(B^{r}A^{p}B^{r})^{1/q}\geq B^{\langle p+2r)/q}$ for $r\geq 0,p\geq 0,q\geq 1$ with $(1+2r)q\geq$
$p+2r$, Proc. Amer. Math. Soc., 101(1987), 85-88.
[9] T. Furuta, Elementary prvof of an order $p$reserving inequality, Proc. Japan Acad., 65(1989), 126.
[10] T. Furuta, Extension of the $h uta$ inequality and Ando-Hiai log majorization, Linear Algebra Appl.
219(1995), 139-155.
[11] T. Furuta, Operator $ine\varphi\nu alities$ associated unth $H\dot{0}lder- McCanhy$ and Kantomrrich inequalities, J.
Inequal. Appl., 2(1998), 137-148.
[12] T. Furuta, Operator inequality implying generalized $Bebtano- Lemos- Pm\dot{m}d\hat{e}nda$ one, Linear Algebra
Appl. 426(2007), $342-u8$.
[13] T. Furuta, J. $Mi\text{\v{c}}’i\ell$, J.E. $PeCari6$ and Y. Seo, $MontPe\delta a\dot{n}\ell$ Method in $\infty em$tor Inequalities, Mono-
graphs in Inequalities 1, Element, Zagreb, 2005.
[14] E. Kamei, A satellite to $R\iota rutas$ inequality, Math. Japon., 33(1988), 883-886.
[15] G.K. Pedersen, Some operator monotone functions, Proc. Amer. Math. Soc., 36(1972), $30k310$.
[16] K. $Ihnaha\epsilon hi$, Best possibility of the $hm$ta inequality, Proc. Amer. Math. Soc., 124(1996), 141-146.
90
